Abstract. In this paper we investigate the existence of solutions of a class of partial impulsive hyperbolic differential inclusions involving the Caputo fractional derivative. Our main tools are appropriate fixed point theorems from multivalued analysis.
Introduction
This paper concerns the existence results to impulsive fractional order initial value problems (IVP for short), for the system The problem of existence of solutions of Cauchy-type problems for ordinary differential equations of fractional order in spaces of integrable functions was studied in numerous works (see [32, 49] ), a similar problem in spaces of continuous functions was studied in [51] . We can find numerous applications of differential equations of fractional order in viscoelasticity, electrochemistry, control, porous media, electromagnetic, etc. (see [20, 24, 25, 28, 40, 42] ). There has been a significant development in ordinary and partial fractional differential equations in recent years; see the monographs of Kilbas [34] , Lakshmikantham et al. [37] , Podlubny [46] , Samko et al. [47] , the papers of Abbas and Benchohra [1, 2], Agarwal et al [3] , Belarbi et al. [7] , Benchohra et al. [8, 9, 11] , Chang and Nieto [16] , Diethelm [20, 21] Kilbas and Marzan [33] , Mainardi [40] , Ouahab [44] , Vityuk and Golushkov [52] , Zhang [53] and the references therein.
The theory of impulsive integer order differential equations have become important in some mathematical models of real processes and phenomena studied in physics, chemical technology, population dynamics, biotechnology and economics. There has been a significant development in impulse theory in recent years, especially in the area of impulsive differential equations and inclusions with fixed moments; see the monographs of Bainov and Simeonov [6] , Benchohra et al. [10] , Lakshmikantham et al [36] , and Samoilenko and Perestyuk [48] , and the references therein.
Very recently, some extensions to impulsive fractional order differential equations have been obtained by Agarwal et al [4] , Ait Dads et al [5] , Benchohra and Slimani [12] , and Mophou [43] .
In this paper, we shall present existence results for the problem (l)-(3) when the right hand side is convex as well as nonconvex valued. Our results initiate the study of hyperbolic fractional differential inclusions subject to impulsive effect. We present four results for the problem (l)-(3), the first one (Theorem 4.1) is based on the nonlinear alternative of Leray-Schauder type, while the second (Theorem 4.3) is based on Bohnenblust-Karlin fixed point theorem. In the third result (Theorem 5.1), we shall use the fixed point theorem for contraction multivalued maps due to Covitz-Nadler. The fourth and last result (Theorem 5.3) relies on the nonlinear alternative of Leray-Schauder type for single-valued map combined with a selection theorem due to Bressan and Colombo [14] for lower semi-continuous multi-valued operators with closed and decomposable values. An example is presented illustrating the applicability of our conditions.
Preliminaries
In this section, we introduce notations and definitions which are used throughout this paper. Let ||.|| denotes a suitable complete norm on M".
By L 1 (J, R n ) we denote the space of Lebesgue-integrable functions / : J -y R n with the norm T is said to be completely continuous if T(B) is relatively compact for every B G Pb(X). T has a fixed point if there is x G X such that x G T(x). The fixed point set of the multivalued operator T will be denoted by FixT. A multivalued map T : X -> Pc;(lR ri ) is said to be measurable if for every v G M n , the function
Let A be a subset of J x R n . A is C ® B measurable if A belongs to the a-algebra generated by all sets of the form M <g> V where M is Lebesgue measurable in J and T> is Borel measurable in R™. A subset I of L 1 (J, R n ) is decomposable if for all u, v G T and N C J measurable the function UX1 + v\j-M G 2", where \J stands for the characteristic function of J.
Let F : J x R n -> 7 ? (M n ) be a multi-valued map with nonempty compact values. Assign to F the multi-valued operator T :
The operator T is called the Niemytzki operator associated to F. Here
PC(J,R n )
is a Banach space to be specified later (see Section 3). 2) N has nonempty closed and decomposable values. F is said to be Caratheodory if (i) and (ii) hold.
For each u G PC (J, R n ), define the set of selections of F by
Let (X,d) be a metric space induced from the normed space (X, || • ||).
is a generalized metric space (see [35] ). 
For more details on multi-valued maps and their basic properties we refer the reader to the books of Deimling [19] , Fryszkowski [23] , Gorniewicz [27] , Hu and Papageorgiou [29] and Tolstonogov [50] .
Auxiliary results
To define the solutions of problems (l)- (3) Let h G C( [xk,xk+i] x [0,6],R n ), zk = (xk,0), and
For the existence of solutions for the problem (l)- (3), we need the following lemma:
if and only ifu{x,y) satisfies
Proof. Let u(x,y) be a solution of 
In all what follows set
• 
m, if and only if u is a solution of the fractional IVP
(6) c D r u(x,y) = h(x,y), (x,y) G J 1 , (7) u(x^,y) = u(x^,y) + I k (u{x^,y)), k = l,...,m. Proof. Assume u satisfies (6)-(7). If (x, y) G [0,xi] x [0,6] then c D r u(x,y) = h(x,y). Lemma 3.2 implies u(x,y) = M(x,y) + 1 jj(z -sY^iv - t^hMdtds. r(ri)r(r2) ¿2 If (x,y) G (xi,x2\ x [0,6] then Lemma 3.2 implies u(x,y) = i\(x,y) + l x y r(ri)r(r2) ! i(* - - tY^h{s,t)dtds XI = <p(x) + u(xf,y) -u(xf, 0) 2 x y r(ri)r(r2) \ !(* -s ) Tl '\y - tr~lKs,t)dtds + I (ri II (ro) X\ I = <p(x) + u(x^,y) -It(xf,0) + Ii(u(x^,y)) - Ii(u(xj~,0)) x y + rY * , \ \{x-sr-l {y-tY*-X h{s,t)dtds ii i = ip(x) + u(xi,y) -u(x 1,0) + h(u{x^,y)) - /i(u(xf,0)) x y + I (ri II (rol xi I = + h(u(xï,y)) - I\(u(xï,0)) ii y r(ri) 1 r(r . 2) j j( x -sY 1 " 1^ -«r-'M-, t)dtds + rfrorfa) | + tv L ^ i -s ) ri_1 (y - t)^-x h{8,t)dtd8.
The convex case
In this section, we are concerned with the existence of solutions for the problem (l)-(3) when the right hand side is compact and convex valued. 
Proof. Transform the problem (l)-(3) into a fixed point problem. Consider the multivalued operator N : PC(J,K n ) -> V(PC(J:R n )) defined by N(u) = {he PC(J,R n )} where for / G SF)U, h(u)(x, y) = n(x, y)+ ^ (h(u(xk , y)) -Ik(u{xk , 0))) 0<Xk<x ï xk y + T(r,)r(ro) T, \ S( x fc -s ) ri l (y -t) r2 l f( s > t)dtds
VIM V2) 0<xk<xxk_1 0 + r(n)r(^) \ jj (x " sr ' Hy ~ tr~lf{s > t)dtds " REMARK 4.2. Clearly, from Lemma 3.2, the fixed points of N are solutions to (l)-(3).
We shall show that N satisfies the assumptions of the nonlinear alternative of Leray-Schauder type. The proof of this theorem will be given in several steps. Let 0 < £ < 1. Then, for each (x, y) 6 J, we have
Step 1: N(u) is convex for each u 6 PC(J, 1

Indeed, if h\, h^ belong to N(u), then there exist f\, fi G SptU such that for each (x, y) € J we have hi(u)(x,y) = n(x,y) + (Ik(u(x~,y)) -Ik(u(x^,
Since SF,U is convex (because F has convex values), we have + (le iV(w).
Step 2: iV maps bounded sets into bounded sets in PC(J,R n ). Step 3: N maps bounded sets into equicontinuous sets of PC (J, 1 Let (ti,2/i), (72,2/2) G < r2 and yi < y2, be a bounded set of PC(J, R n ) as in Step 2, let u e Bv* and h £ N(u), then for each (x, y) E J, 
Let
As n -> T2 and j/i -> , the right-hand side of the above inequality tends to zero. As a consequence of Steps 1 to 3 together with the Arzela-Ascoli theorem, we can conclude that F : PC(J,
M n )) is completely continuous.
Step 4: N has a closed graph.
hn£N (un) and hn->h*. We need to show that /i* e
N(u*). hn € N(un)
means that there exists fn (E Sp:Un such that, for each (x, y) £ J,
fn(s,t)dtds. r(ri)r(r2) J J
We must show that there exists /* 6 «S^u, such that, for each (x,y) 6 J, Hence WKm -/l*||oo < 2 ml* + r(n + i)r(r 2 +1) 2l*a n b r2 tin™ -U* «n m -0 asm-» oo. r(n + i)r(r 2 + i).
Step 5:
priori bounds on solutions. Proof. We shall show that the operator N defined in Theorem 4.1 satisfies fixed point theorem. Let p > 0 be such that
and consider the subset
Clearly, the subset Dp is closed, bounded and convex. From (9) we have N(Dp) C Dp. As before the multivalued operator N : Dp V(Dp) is upper semi continuous and completely continuous. Hence Lemma 2.6 implies that N has a fixed point which is a solution to problem (l)-(3). •
The nonconvex case
We present now a result for the problem (l)-(3) with a nonconvex valued right hand side. Our considerations are based on the fixed point theorem for contraction multivalued maps given by Covitz and Nadler [17] . the set SptU is nonempty since by (H7), F has a measurable selection (see [15] , Theorem III.6).
Proof. We shall show that N defined in Theorem 4.1 satisfies the assumptions of Lemma 2.7. The proof will be given in two Steps.
Step 1. N(u) G Pd(PC{J,M n ) ) for each u G PC(J,R n ).
and there exists fn € Sf,U such that, for each (x, y) e J,
Using the fact that F has compact values and from (H3), we may pass to a subsequence if necessary to get that fn{-,-) converges weakly to / in R n ) (the space endowed with the weak topology). As standard argument shows that /"(.,.) converges strongly to / and hence / 6 S fjU. So, it G iV(u).
Step 2. There exists 7 < 1 such that So by (10) , N is a contraction and thus, by Lemma 2.7, N has a fixed point u which is solution to (l)-(3).
• Now we present a result for the problem (l)-(3) in the spirit of the nonlinear alternative of Leray-Schauder type for single-valued maps combined with a selection theorem due to Bressan-Colombo. 
